Abstract. Shrock and Wu have given numerical values for the exponential growth rate of the number of spanning trees in Euclidean lattices. In particular, they suggested that this rate may be exactly equal to 2 for the 4-dimensional hypercubic lattice. We give a new technique for numerical evaluation that gives more accurate values and, in particular, disproves this suggestion. §1. Introduction.
§1. Introduction.
Since the time of Kirchhoff (1847) , physicists and mathematicians have been interested in enumerating spanning trees. One aspect of this endeavor has been to evaluate or to estimate asymptotics of the growth rate of the number of spanning trees in large graphs. Additional interest in the asymptotic growth rate arises in ergodic theory, since the exponential rate is also the entropy of a natural and important system, the so-called uniform spanning forest. See Pemantle (1991) , Burton and Pemantle (1993) , Benjamini, Lyons, Peres, and Schramm (2001) , Lyons (1998) , and Lyons (2003) for explanations and information about the uniform spanning forest. Some modern enumeration efforts include Burton and Pemantle (1993) , Shrock and Wu (2000) , Lyons (2003) ; see also the references therein. In many cases, one can express the main term of the asymptotics by an integral formula. For example, if τ (G) denotes the number of spanning trees of a graph G and if G n are the graphs induced by cubes of side length n in the hypercubic lattice Z d , then it is well known that the thermodynamic limit
It is also well known (due to its connection with the dimer problem) that h 2 = 4G/π, where
2 is Catalan's constant (see, e.g., Kasteleyn (1961 ) or Montroll (1964 However, it is difficult to know how many terms of this expansion to use; Shrock and Wu (2000) used this series to report h 5 = 2.243 and h 6 = 2.437. For smaller d, Shrock and Wu (2000) used numerical integration to find that h 3 = 1.6741481(1) and that h 4 = 2.0000(5).
However, the accuracy of h 3 is off by several orders of magnitude. To obtain greater accuracy and enable us to prove that h 4 = 2, we shall use a new formula, namely,
where p d (k) is the probability that simple nearest-neighbor random walk on the hypercubic lattice Z d returns to its starting point after k steps. (A generalization of this formula is due to Lyons (2003) .) Even this formula is slightly problematic to use, since p d (k) is the sum of a large number of binomial coefficients for large k. Because of the large number of small terms, it is important to calculate the sum as an exact rational before converting to a real approximation. Fortunately, there is a simple recursion formula that enables quicker computation. In addition, we explain how to estimate the tail of the series in (1.2).
In the remainder of this note, we first state our numerical results and then derive the simple but crucial (1.2). Next, we explain how to compute p d (k) quickly and how to approximate the error, and finally prove rigorous bounds. We shall also briefly discuss body-centered cubic lattices. §2. Results.
The numerical results are, to an accuracy we believe includes all reported digits, in the following These arise as follows. To prove (1.2), use the Maclaurin series for log(1 − z) to find
Clearly, we have p d (k) = 0 for k odd and p 1 (2k) = 
This allows one to reduce the computation of p d ( • ) to the values of p ⌊d/2⌋ ( • ) and p ⌈d/2⌉ ( • ). Once we have these values, it is simple to compute partial sums for (1.2). Since all terms of the series are positive, each such partial sum gives a rigorous upper bound for the true value of h d . Merely summing the first 13 terms of the series in (1.2) for d = 4 gives a rigorous proof that h 4 < 2. To get an lower bound for h d , it suffices to bound above the remainder. It is well known (see, e.g., Spitzer (1976) , Section 7) that
(2.1)
A more accurate approximation is
as shown by Ball and Sterbenz (2003) . As this suggests, we believe that the right-hand side of (2.1) is actually larger than the left-hand side; indeed, this appears to be true for all d and k, not merely for large k, though it has been proved only for large k and small d. That is, we have
for all k when 1 ≤ d ≤ 6 and for all large k (if not all k) when d ≥ 7; see Ball and Sterbenz (2003) . Since the sum over k ≥ r, any r > 0, of the right-hand sides of either (2.1) or (2.2) can be expressed via the Hurwitz zeta function, for which Euler-Maclaurin summation approximations are readily available, we obtain the very accurate values reported in the tables above by summing relatively few terms. Excellent accuracy is already available after just 10 terms, but we have used 1000 terms for 3 ≤ d ≤ 6, 100 terms for 7 ≤ d ≤ 10, and 80 terms for 11 ≤ d ≤ 20. In addition, by using (2.3) and partial sums of 1000 terms, we get the rigorous bounds One can use similar estimates to improve the accuracy of the asymptotics for bodycentered hypercubic lattices. As shown by Shrock and Wu (2000) , the exponential growth rate of the number of spanning trees in d dimensions is ≤ 2.7329575354689455 .
These agree with the estimates of Shrock and Wu (2000) , but give about 3 times as many digits.
